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Abst rac t - -The  purpose of this paper is to introduce a new kind of variational inequality, a
'generalized vector variational-like inequality' which includes everal classical and well-known vari- 
ational inequalities as special cases. As an application of the Knaster-Kuratowski-Mazurkiewicz 
principle as extended by Fan in 1961 [1], we prove that there exist solutions for our generalized vec- 
tor variational-like inequality under reasonable hypotheses. These results generalize corresponding 
results given by Chert et aL in [2], Giannessi [3], Harker and Pang [4], Hartman and Stampacchia 
[5], Isac [6], Lee et al. [7], Noor [8], Saigal [9], Siddiqi et al. [10], and Yang [11]. (~) 1999 Elsevier 
Science Ltd. All rights reserved. 
Keywords - -Genera l i zed  vector variational-like inequality, q-pseudo-monotone mapping, KKM 
mapping. 
1. INTRODUCTION AND PREL IMINARIES  
Vector-valued variational inequalities were first introduced and studied by Giannessi [3] in a 
finite-dimensional Euclidean space. Later Chen et al. [12-15] and Yang [11,16] have intensively 
studied some kinds of vector variational inequalities, vector quasi-variational inequalities, and 
vector complementarity problems in Banach spaces. Recently, Lee et al. [7] and Siddiqi et al. 
[10] established some existence theorems for solutions of some kinds of vector-valued inequality 
equations and vector variational inequalities in Banach space and in Hausdorff topological vector 
spaces. 
The purpose of this paper is to study the existence problem for solutions of more general vector- 
generalized variational-like inequalities involving multivalued ~-pseudo-monotone mappings in 
Banach space. 
This paper was done while the first author was visiting the University of Queensland and partially supported by 
the National Natural Science Foundation of China and The University of Queensland. 
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Our results not only extend and improve the main results in [7,10-16] but also generalize the 
corresponding results of [4,6,8,9,17,18] to the more general setting. 
DEFINITION 1.1. Let Y be an ordered Banach space, C be a dosed pointed convex cone of Y 
with int C # 0 and A a nonempty subset of Y.  By using C we can define a partial order "<_" as 
follows: 
x <_ y if and only if y - x E C. 
Following [19], a point zo E A is called a vector maximal point of A if the set {z E A : zo _< z, 
z # zo} = 0, which is equivalent to 
A n (z0 + C) = {z0}. 
We denote the set of all such vector maximal points of A by max A. 
It should be noted that from the definition above we have: 
max (A) c A, max (aA) = a max (A) 
for all a > 0 and 
max (A + a) = max (A + a) 
for all a • Y. 
We first need the following simple fact which was first given by Luc [20]. 
LEMMA 1.1. (See [20].) Let A be a compact set in Y.  Then 
max (A) # 0. 
In the sequel we assume that X is a Banach space, Y is an ordered Banach space, K is a nonempty 
closed convex subset of X,  L(X,  Y )  is the space of a J1 continuous linear operators from X into Y, 
and C : K ----* 2 Y is a multivalued mapping such that for each x • K, C(x) is a closed pointed 
convex cone in Y with int C(x) # 0. We suppose that ~1 : K x K ~ X is a continuous mapping 
and T : X ~ 2 L(x, v) is a multivalued mapping. 
We consider the problem of finding x. • K such that 
max (T(x.) ,  7/(y, x.)) C Y \ ( - in t  C(x.)) ,  for all y • K, (1.1) 
where 
(T(x.) ,  ~I(Y, x.))  = U (u, TI(y, x.)),  
ueT(z.) 
max(T(x.), ~?(y, x.)) = max (u, •(y, x.)), 
ueT(x.) 
and (u, ~(y, x.))  denotes the evaluation of linear operator u from X into Y at ~(y, x.)  and 
max (A) denotes the set of all vector maximal points of A. 
Throughout his paper we shall call the inequality (1.1) a generalized vector variational-like 
inequality. We will study the existence problem for solutions of (1.1) using KKM theory (for 
more details of KKM theory and its applications, ee e.g., [21] and related references therein). 
Spec ia l  Cases  
(I) If T : X -----, L(X,  Y )  is a single-valued mapping, and ~7(Y, x) = y - g(x), where g : 
K ~ K is a single-valued mapping, then problem (1.1) reduces to finding x. • K such 
that 
(T(x.),  y-  g(x.)) ~ - in t  C(x.)  (1.2) 
for all y • K. This is considered in [10]. 
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(II) If T : X - - *  L (X ,  Y )  is a single-valued mapping, and ~(y, x) -- y -x ,  then problem (1.1) 
reduces to finding x. E K such that 
(T(x.) ,  y -  x . )  ~ - in t  C(x.) (1.3) 
for all y E K. This is known as a vector-valued variational inequality and was considered 
by Chen [12]. 
(III) If C(x) - C for all x E K, where C is a closed convex cone in Y with int C ~t O, and 
~](y, x) = y - x, then problem (1.1) reduces to finding x, E K satisfying for each y E K, 
there exists u. E T(x . )  such that 
(u., y - x,) ¢ - int C. (1.4) 
This is considered in [7]. 
(IV) If C(x) -- C for all x E K and C is the same as in (III), then problem (1.3) reduces to 
finding x, E K such that 
(T(x.) ,  y - x . )  q~ - in tC  (1.5) 
for all y E K. This is considered in [12-14]. 
(V) I fY  = R, L(X,  Y )  = X* (which is the dual of X), C(x) -- R + for all x E K, then problem 
(1.1) reduces to finding x. E K such that 
sup (u, rl(y, x.)> _> 0 (1.6) 
uET(x . )  
for all y E K. This is considered in [6,17], and by Noor [8] in some special cases. 
(VI) I fY=R,X=R n ,C(x )=_R + for a l l xEKCR n ,L (X ,Y )=N n andT/ (y ,x )=y-x ,  
then (1.5) collapses to finding x. E K such that 
(T (x , ) ,  y - x . )  _> 0 
for all y E K. This is due to [5]. 
The special cases (I)-(VI) show that the generalized vector variational-like inequalities (1.1) 
provide a more general and unified setting for the study of the above class of problems. 
2. EX ISTENCE THEOREMS 
In order to use the KKM principle to study the existence of solutions for problem (1.1), we 
recall the following definition which was first used by Fan in 1961 [1]. 
DEFINITION 2.1. (See [I].) Let D be a subset of a topological vector space E. A mapping 
: D ~ 2 g is called a Knaster-Kuratowski-Mazurkiewicz mapping (in short, a KKM mapping), 
i f  for each nonempty finite subset {x l , . . .  ,x,~} C D, we have 
n 
CO{Xl,... ,Xn) C Ur(xi)" 
i----1 
DEFINITION 2.2. Let E and F be two topological spaces, and T : E ~ 2 F a multivalued 
mapping. T is said to be dosed, if  for any x E E, {x,~} C E with xn ~ x and any {y,~} c F 
with Yn E T(xn)  and Yn ~ y, then we have y E T(x).  
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DEFINITION 2.3. Let X and Y be two normed spaces, T : X ~ 2 L(x'Y) a multivalued mapping. 
Let K be a nonempty subset of X and C : K ~ 2 Y a mapping such that for each x E K, C(x) is 
aclosedpointedconvexconeinY withintC(x) ~ @andC(x) ~ Y, andletw(x, y) : KxK  ~ X 
be a mapping. 
(1) T is said to be W-pseudo-monotone, if for any x, y E X, u E T(x), and v E T(y), then 
(u, W(Y, x)) ~ - in t  C(x) implies that (v, W(Y, x)> ¢ - in t  C(x). 
REMARK 2.1. If W : K x X ---* X, is given by W(X, y) = x-y  for all x E K and y E X then the 
W-pseudo-monotonicity of T coincides with the ordinary pseudo-monotonicity of the multivalued 
mapping T (see [9]). 
(2) T is said to he V-hemicontinuous, if for any x, y E X, a > 0 we have (T(x + ay), z) 
(T(x), z) as a , 0 +, for each z E X. Here (T(u), z) = (]weT(,,)(w, z). 
THEOREM 2.1. Let X and Y be two Banach spaces, K C X a nonempty dosed convex subset, 
C : K , 2 Y ,T  : X , 2 L(Xy), andw : Kx  K ~ X be three mappings atisfying the 
following conditions: 
(i) for each x E K, C(x) is a pointed closed convex cone in Y with int C(x) ~ 0 and C(x) ~ Y; 
' (ii) the mapping S : X --~ 2 V defined by 
S(x) = Y \ ( - in t  C(x)) 
is closed; 
(iii) T is a q-pseudo-monotone nonempty compact-valued and V-hemicontinuous mapping; 
(iv) W is continuous, arlene and W(x, x) = 9 t:or all x E K, where 8 is the zero in X; 
(v) there exists a nonempty compact subset D of X satisfying the following 
• for each finite subset N of K there exists a nonempty compact convex subset LN of 
K such that N C LN, and 
• for each x E LN \ D there exists y E LN such that 
max (T(y), W(Y, x)> N ( -  int C(x) ) ~ O. 
Then the generalized vector variational-like inequality (1.1) has a solution in K, i.e., there exists 
x. E K such that 
max (T(x.), W(Y, x.)> C Y \ ( - in t  C(x.)) 
for all y E K. 
PROOF. Define two multivalued mappings F and G : K - -~ 2 K by 
f (y )  = {x E K :  max (T(x), W(Y, x)) C Y \ ( - in t  C(x))} 
and 
G(y) -- {x E K :  max (T(y), W(Y, x)) C Y \ ( - in t  C(x))} 
for each y • K. Since T is compact-valued and (., .) is continuous, (T(x), W(Y, x)) and <T(y), 
W(y,x)) are both compact subsets in Y. By Lemma 1.1, we know that for each y • K, F(y) and 
G(y) are both well defined. 
(1) By conditions (iv), for each y • K, y • F(y) and y • G(y), so that for each y • K, F(y) ¢ 0 
and G(y) # 0. 
Next we prove that F(y) C G(y) for all y • K. In fact, if x • F(y), then we have 
max (T(x), W(Y, x)) C Y \ ( - in t  C(x)). 
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Since IT(x), ~l(Y, x)) is a compact set in Y, by Lemma 1.1 there exists u E T(x) such that 
(u, ~;(y, x)) it - in t  C(x). 
By the ~;-pseudo-monotonicity of T for each v E T(y) we have 
(v, ~(y, z)) it - in t  C(x), 
and thus 
max (T(y), ~;(y, x)) c Y \ ( - int  C(x)). 
This implies that x E G(y). Therefore, F(y) C G(y) for all y E K. 
(2) Next we prove that F : K ~ 2 g is a KKM mapping. 
Suppose on the contrary that F is not a KKM mapping. Then there exists a finite set 
{Yn. . . ,  Yn} C K such that 
n 
co{y1,... ,y9%} ¢ [.J F(y,). 
i=1  
9% Therefore, there exists x = )-~=1 aiyi E co{y1,...,  Yn), but x it F(yi) for i = 1, 2 , . . . ,  n, where 
a i>0,  i=l,. . . ,nand)-~i=19% a i= l .  Since x it F(yi) for i = l , . . . ,n ,  we have that 
max (T(x), ~(y,, x)) ¢ Y \ ( - int  C(x)), i = 1, 2, . . . ,  n. 
Therefore, there exist ui E T(x), i = 1, 2 , . . . ,  n such that 
(u,, n(Yi, x)) • - in t  C(x), i = 1, . . . ,  n. 
Since int C(x) is convex, we have 
9% 
Ea, (u , ,  7;(y~, x)) • - in t  C(x). 
i----1 
Again since 
E oe,(u,, ~?(y,, x)) • E c~,(T(x), ~;(y,, x)) 
i= l  i=1  
9% 
= (T(x), ~(E  c~iyi, x)) (by condition (iv)) 
i=1  
= (T(x), r;(x, x)) 
= (T(x), O) 
and thus, 
9% 
E c~i<u,, ~(Yi, x)) = 0 • - in t  C(x). 
/----1 
This contradicts the assumption that C(x) is a pointed convex cone. 
This implies that F is a KKM-mapping, and thus G is also a KKM mapping. 
(3) Next we prove that for each y • K, G(y) is a closed subset in K. 
Let {xn} C G(y) be a sequence such that x9% , x • K. Therefore, we have 
max (T(y), ~(y, x9%)) C Y \ ( - int  C(x9%)) = S(xn), i = 1, 2, . . . .  
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By condition (ii), S is closed. From 
max (T(y), n(y, xn)) , max (T(y), n(y, x)) , (as n , co), 
we have max (T(y), n(y, x)) c S(x), i.e, 
max (T(y), n(y, x)) c Y \ ( - int  C(x)). 
This implies that x E G(y), i.e, G(y) is closed for each y E K. 
(4) Now we prove that 
yEK 
In fact, by condition (v) for each finite set N C K, there exists a nonempty compact convex 
subset LN C K such that N C LN and for each x E LN \ D there exists y E LN such that 
x ~ G(y). Hence we have 
LN n {G(y) : y E LN} C D. 
By [22], we have 
n a(y) # 0. (2.1) 
yEK 
(5) Finally we prove that 
N F(y)= N (2.2) 
yEK yEK 
Since F(y) C G(y) for all y e K, we know that 
N f( )c N 
yEK yEK 
To prove the conclusion, it is sufficient o prove 
N a( )c N f (y ) .  
yEK yEK 
In fact, if x E n~eK G(y), then for each y • K, x • G(y), i.e., we have 
max (T(y), n(Y, x ) /c  Y \ (- int C(x)), for all y • g.  
Since K is convex, for any a • (0, 1), Ya = ay + (1 - a)x • K. Hence we have 
max (T(ya), n(Ya, x)) = max (T(ya), n(ay + (1 - a)x, x) 
= max (T(y,~), an(y, x) + (1 - a)n(x, x)), (by condition (iv)) 
= max <T(ya), an(y, x)>, (since n(x, x) = 0) 
C Y \ ( - int  C(x)). 
This implies that for each a • (0, 1), 
max (T(ya), an(y, x) ) N ( - int  C(x)) = 0. 
Dividing a, we also have 
max (T(ya), n(y, x)) n ( - int  C(x)) = 0. 
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Letting c~ ~ 0 + and using the V-hemicontinuity of T we have 
lim max (T(ya), ~?(y, x)) = max IT(x), ~?(y, x)) 
o~.---*O+ 
C Y \ (- int C(x)), 
i.e, x E F(y) for all y E K. Therefore, x E n F(y), and so (2.2) is true. 
yEK 
Combining (2.1) and (2.2) we know that 
['1 F ly )= ['1 a(y) o. 
yEK yEK 
Taking x. E [7 Fly),  we have 
yEK 
max (T(x,) ,  ~I(Y, x,))  C Y \ ( - int  C(x,)) ,  for all y e K. 
This completes the proof of Theorem 2.1. 
THEOREM 2.2. In Theorem 2.1, ff condition (v) is replaced by the following condition (v)~: 
(v) ~ there exist a nonempty compact subset D of K and a Yo E D such that 
max (T(y0), ~(Y0, x)) N ( - int  C(x)) ~ 0, for all x E K \ D, 
then the conclusion of Theorem 2.1 remains true. 
PROOF. It suffices to show that iv) ~ implies (v) in Theorem 2.1. In fact, for any finite subset 
N C K, let 
LN = co({y0} kJ N U D) C K. 
By condition (v)' for any x E LN \ D C K \ D there exists Y0 E LN such that 
max (T(y0), ~(Y0, x)) N ( - int  C(x)) # 0. 
Hence, condition (v) holds. 
REMARK 2.2. 
(1) [11, Theorem 2] is a special case of Theorem 2.2 with T being a single-valued mapping, 
C(x) = C for all x E K, where C is a closed convex cone in Y with intC ~ 0 and 
n(y, z) = y - x. 
(2) Theorem 2.1 extends and improves the main result of [10, Theorem 2.1]. 
(3) [14, Theorem 2.1] is also a special case of Theorem 2.1 with C(x) =_ C, where C is the same 
as in Remark 2.2 (1), K being a no nempty compact convex subset of X and ~(y, x) = y -  x. 
(4) [7, Theorem 2.1] is a special case of Theorem 2.1 with X being a reflexive Banach space, 
C(x) = C for all x E K, where C is the same as above and ~(y, x) = y - x. 
(5) [17, Theorem 2.1] is a special case of Theorem 2.2 with Y = X* (the dual space of X), K 
being a nonempty compact convex subset of X, T : X , X* a single-valued mapping 
and ~(y, x) = y - x. 
(6) Theorem 2.1 also generalizes the corresponding results in [6,8]. 
Finally, we give an existence theorem for solutions of variational-like inequalities (1.6). We 
have the following result. 
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THEOREM 2.3. Let X be a Banach space, K C X a nonempty closed convex subset, T : K 
2 x" a nonempty compact valued mapping and ~ : K x K ~ X a continuous affine mapping 
with ~(x, x) = 0 for all x E K.  Assume that  following conditions are satisfied: 
(i) for any x, V E X,  u E T(x), v E T(9), (u, ~(9, x)) >_ 0 implies (v, ~(9, x)) >_ O; 
(ii) T is hemicontinuous, i.e, for any x, y E X,  a > O, we have 
lim (T(x + a9),  z) = (T(x), z) 
a~--~0 
for each z e x ,  where (T(~), z) = {(u, z):  u e T(~)}; 
(iii) there exists a nonempty compact subset D C X such that for each finite subset N of K, 
there exJsts a nonempty compact convex subset LN of K such that N C LN and for each 
x E LN \ D there exists y E LN such that 
sup (v, ~(y, x)) < 0. 
veT(u) 
Then there exists x .  E K such that 
sup (u, r/(y, x . ) )  >_ 0 (I) 
uET(x.) 
for all y E K,  where (., .) denotes the pairing of X and X*. 
In addition, if  T (x . )  is a convex set in X*, then there exists a point u. E T (x . )  such that 
(u., ~I(Y, x.))  >_ 0 for all y e K. 
PROOF. Taking Y = R, C(x) =- R + for all x e X,  and L(X,  Y )  = X* in Theorem 2.1, conclu- 
sion (I) follows immediately from Theorem 2.1. 
Finally, if T(x . )  is a convex set in X*, we define a function ~o : K x T(x . )  * R by 
~(~, u) = (~, ,(y, x.)). 
Then for each y E K, u ~ ~ ta(y, u) is l inear and continuous and for eachu  E T(x*), y~ ~ ~(y, u) 
is affine. By the min imax theorem of Kneser (see, for example, [23]) we have 
sup rain(u, 7/(y, x . ) )  = min sup (u, ~(y, x . ) )  > 0. 
uET(x. )YEK yEKuET(x.  ) -- 
Since T(x . )  is a compact  set and u ~-* minueK(u,  ~(y, x.))  is a continuous function on T(x.) ,  
there exists u. E T(x . )  such that  
min(u. ,  ~/(y, x . ) )  = sup rain(u, ~(y, x . ) )  > 0. 
yEK uET(x. )yEK -- 
Therefore, we have 
(~,, ~(y, ~,)) >_ 0 
for all y E K .  This completes the proof. 
REMARK 2.3. Theorem 2.3 is a scalar-valued variational-l ike inequality, which generalizes the 
corresponding results of [6,8,17]. 
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